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COLORING PROPERTIES OF CATEGORICAL PRODUCT OF GENERAL
KNESER HYPERGRAPHS
ROYA ABYAZI SANI, MEYSAM ALISHAHI, AND ALI TAHERKHANI
Abstract. More than 50 years ago Hedetniemi conjectured that the chromatic number of cate-
gorical product of two graphs is equal to the minimum of their chromatic numbers. This conjecture
has received a considerable attention in recent years. Hedetniemi’s conjecture were generalized to
hypergraphs by Zhu in 1992. Hajiabolhassan and Meunier (2016) introduced the first nontrivial
lower bound for the chromatic number of categorical product of general Kneser hypergraphs and
using this lower bound, they verified Zhu’s conjecture for some families of hypergraphs. In this
paper, we shall present some colorful type results for the coloring of categorical product of general
Kneser hypergraphs, which generalize the Hajiabolhassan-Meunier result. Also, we present a new
lower bound for the chromatic number of categorical product of general Kneser hypergraphs which
can be extremely better than the Hajiabolhassan-Meunier lower bound. Using this lower bound,
we enrich the family of hypergraphs satisfying Zhu’s conjecture.
Keywords: categorical product, chromatic number, Hedetniemi’s conjecture, general Kneser hy-
pergraph.
Subject classification: 05C15
1. Introduction and Main Results
For two graphs G and H, their categorical product G × H is the graph defined on the vertex
set V (G) × V (H) such that two vertices (g, h) and (g′, h′) are adjacent whenever gg′ ∈ E(G) and
hh′ ∈ E(H). The categorical product is the product involved in the famous long-standing conjecture
posed by Hedetniemi. Hedetniemi’s conjecture states that the chromatic number of G×H is equal
to the minimum of χ(G) and χ(H). It was shown that the conjecture is true for several families of
graphs but it is wide open (see, Tardif [19] and Zhu [21]). In spite of being investigated in several
articles, there is no fascinating progress in solving this conjecture. This conjecture was generalized
to the case of hypergraphs in [20].
A hypergraph H is an ordered pair (V (H), E(H)) where V (H) is a set of vertices, and E(H) is a
family of nonempty subsets of V (H). The elements of E(H) are called hyperedges. A hypergraph
H is said to be r-uniform if E(H) is a family of distinct r-subsets of V (H). In particular, a 2-
uniform hypergraph is called a graph. An r-uniform hypergraph F is called a complete r-partite
hypergraph if V (F) can be partitioned into r parts (subsets) V
1
, . . . , Vr such that the edge set of
F is the set of all r-subsets of V intersecting each part V
i
in exactly one vertex. The hypergraph
F is said to be balanced if |V
i
| − |V
j
| ≤ 1 for each i, j ∈ [r]. Also, for an r-uniform hypergraph F
and pairwise disjoint subsets U
1
, . . . , Ur ⊆ V (F), the hypergraph F [U1 , . . . , Ur] is defined to be a
subhypergraph of F whose vertex set is
r⋃
i=1
U
i
and whose edge set consists of all hyperedges of F
which have exactly one element in each U
i
.
A proper coloring of a hypergraph H is an assignment of colors to vertices of H such that there
is no monochromatic hyperedge. The chromatic number of a hypergraph H, denoted by χ(H), is
the smallest number k such that there exists a proper coloring of H with k colors. If there is no
such a k, we define the chromatic number to be infinite. Let c be a proper coloring of a complete
r-partite hypergraph F with parts V
1
, . . . , Vr. The hypergraph F is colorful (with respect to the
1
coloring c) whenever for each i ∈ [r], the vertices in V
i
receive different colors, that is, |c(V
i
)| = |V
i
|
for each i ∈ [r].
Let H
1
= (V
1
, E
1
) and H
2
= (V
2
, E
2
) be two hypergraphs. For i = 1, 2, the projection π
i
is defined by π
i
(v
1
, v
2
) 7→ v
i
. The categorical product of two hypergraphs H
1
and H
2
is the
hypergraph H
1
×H
2
with vertex set V
1
× V
2
and hyperedge set
{e ⊆ V
1
× V
2
: π
1
(e) ∈ E
1
, π
2
(e) ∈ E
2
}.
The categorical product of two hypergraphs is defined by Do¨rfler and Waller [9] in 1980. Zhu [20]
proposed the following conjecture as a generalization of Hedetniemi’s conjecture in 1992.
Conjecture 1. Let H
1
= (V
1
, E
1
) and H
2
= (V
2
, E
2
) be two hypergraphs. Then
χ(H
1
×H
2
) = min{χ(H
1
), χ(H
2
)}.
One can easily derive a proper coloring ofH
1
×H
2
from a proper coloring ofH
1
or ofH
2
. Therefore
the hard part is to show that χ(H
1
× H
2
) ≥ min{χ(H
1
), χ(H
2
)}. Let F be a subhypergraph of
H
1
×H
2
with the same vertex set and whose edge set consists of minimal hyperedges of H
1
×H
2
.
It is clear that any proper coloring of F is also a proper coloring of H
1
× H
2
. This observation
shows that Conjecture 1 is a generalization of Hedetniemi’s conjecture.
For an integer r and a hypergraph H, the r-colorability defect of H, denoted by cd
r
(H), is the
minimum number of vertices that should be removed from H so that the induced hypergraph by
the remaining vertices admits a proper coloring with r colors.
Let Zr = {ω, ω
2
, . . . , ω
r
} be a multiplicative cycle group of order r with generator ω. For
X = (x
1
, . . . , xn) ∈ (Zr ∪ {0})
n
, a sequence x
i
1
, . . . , x
im
with 1 ≤ i
1
< · · · < im ≤ n is called an
alternating subsequence of X if x
ij
6= 0 for each j ∈ [m] and xij 6= xij+1 for each j ∈ [m− 1]. The
alternation number of X, denoted by alt(X), is the length of the longest alternating subsequence
of X. We set 0 = (0, . . . , 0) and define alt(0) = 0. Also, for such an X = (x
1
, . . . , xn) ∈ (Zr ∪{0})
n
and for ε ∈ Zr, define X
ε
= {i : x
i
= ε} . Note that the r-tuple
(
Xε
)
ε∈Zr
uniquely determines X
and vice versa. Therefore, with abuse of notations, we can write X =
(
Xε
)
ε∈Zr
.
For a hypergraph H and a bijection σ : [n] −→ V (H), the r-alternation number of H with respect
to the permutation σ is defined as follows:
alt
r
σ
(H) = max
{
alt(X) : E(H[σ(X
ε
)]) = ∅ for all ε ∈ Zp
}
.
The r-alternation number of H, denoted by alt
r
(H), is equal to min
σ
alt
r
σ
(H) where the minimum is
taken over all bijections σ : [n] −→ V (H) (for more details see [3]).
For any hypergraphH = (V (H), E(H)) and positive integer r ≥ 2, the general Kneser hypergraph
KGr(H) is an r-uniform hypergraph whose vertex set is E(H) and whose hyperedge set is the set
of all r-subsets of E(H) containing r pairwise disjoint hyperedges of H. Note that by this notation
the well-known Kneser hypergraph KGr(n, k) is the Kneser hypergraph KGr
(
[n],
([n]
k
))
. For r = 2,
we would rather use KG(H) than KGr(H).
Lova´sz in 1978, by using tools from algebraic topology, proved that χ(KG(n, k)) = n − 2k + 2.
His paper showed an inspired and depth application of algebraic topology in combinatorics [15].
As a generalization of this result and to confirm a conjecture of Erdo¨s [10], Alon, Frankl, and
Lova´sz [5] proved that the chromatic number of KGr (n, k) is equal to ⌈n−(k−1)r
r−1 ⌉. A different kind
of generalization of Lova´sz’s theorem has been obtained by Dol’nikov [8]. He proved that
χ(KG(H)) ≥ cd
2
(H).
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Then, in 1992, Krˇ´ızˇ [12] extended the both results by Alon, Frankl, and Lova´sz [5] and Dol’nikov [8]
by proving that
χ(KGr(H)) ≥
⌈
cd
r
(H)
r − 1
⌉
.
Alishahi and Hajiabolhassan [3] introduced the alternation number as an improvement of col-
orability defect. They proved that
χ(KGr(H)) ≥
⌈
|V (H)| − alt
r
(H)
r − 1
⌉
.
It can be verified that |V (H)| − alt
r
(H) ≥ cd
r
(H) and the inequality is often strict [3]. There-
fore, the preceding lower bound for chromatic number surpasses the Dol’nikov-Krˇ´ızˇ lower bound.
Recently, Hajiabolhassan and Meunier [11] extended the Alishahi-Hajiabolhassan result (as well as
the Dol’nikov-Krˇ´ızˇ result) to the categorical product of general Kneser hypergraphs as follows.
Theorem A. [11] Let H
1
, . . . ,Ht be hypergraphs and r be an integer, where r ≥ 2. Then
χ(KGr(H
1
)× · · · ×KGr(Ht)) ≥
⌈
1
r − 1
min
i∈[t]
(
|V (H
i
)| − alt
r
(H
i
)
)⌉
.
Using Theorem A, Hajiabolhassan and Meunier introduced some new families of hypergraphs
satisfying Zhu’s conjecture.
From another point of view, Simonyi and Tardos [18] generalized the Dol’nikov result. Indeed,
they proved that for any hypergraph H, if t = cd
2
(H), then any proper coloring of KG(H) contains
a complete bipartite subgraph K⌊ t2⌋,⌈
t
2⌉
such that all vertices of this subgraph receive different
colors and these different colors occur alternating on the two parts of the bipartite graph with
respect to their natural order. Then, this result as well as the Dol’nikov-Krˇ´ızˇ result was extended
to Kneser hypergraphs by Meunier [17] as in the next theorem. A common generalization of the
Simonyi-Tardos result and a result by Chen [6] can be found in [4].
Theorem B. Let H be a hypergraph and p be a prime number. Any proper coloring of KGp(H)
contains a colorful, balanced, and complete p-partite subhypergraph F with cdp(H) vertices.
It should be mentioned that, in his paper [17], Meunier also generalized Theorem B and proved
that this theorem remains true by replacing cdp(H) with |V (H)| − alt
p
(H). Moreover, several
extensions of this result were presented in [2].
As an improvement of r-colorability defect, the equitable r-colorability defect was introduced
in [1]. For a hypergraph H, the equitable r-colorability defect of H, denoted by ecd
r
(H), is the
minimum number of vertices which should be removed so that the induced subhypergraph by the
remaining vertices admits an equitable r-coloring, i.e., an r-coloring in which the sizes of color
classes differ by at most 1. Clearly, ecd
r
(H) ≥ cd
r
(H). As a generalization of Theorem B, it was
proved that any proper coloring of KGp(H) contains a colorful, balanced, and complete p-partite
subhypergraph F with ecd
p
(H) vertices. It is not difficult to construct a hypergraph H, for which
ecd
r
(H)− cd
r
(H) is arbitrary large. Surpassing the Dol’nikov-Krˇ´ızˇ lower bound, Abyazi Sani and
Alishahi [1] proved
χ(KGr(H)) ≥
⌈
ecd
r
(H)
r − 1
⌉
.
Furthermore, they compared this lower bound with the Dol’nikov-Krˇ´ızˇ lower bound and Alishahi-
Hajiabolhassan lower bound. In this regard, It was shown that there is a family of hypergraphs H
such that for each hypergraph H ∈ H ,
χ(KGr(H)) =
⌈
ecd
r
(H)
r − 1
⌉
,
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while χ(KGr(H))−
⌈
cd
r
(H)
r−1
⌉
and χ(KGr(H))−
⌈
|V (H)|−alt
r
(H)
r−1
⌉
are both unbounded for the hyper-
graphs H in H .
As the main results of this paper, motivated by the preceding discussion, we simultaneously
extend the results by Abyazi Sani and Alishahi [1] and by Hajiabolhassan and Meunier [11] to the
following theorems.
Theorem 1. Let H
1
, . . . ,Ht be hypergraphs. Let p be a prime number and η = min
i∈[t]
ecd
p
(H
i
). Any
proper coloring of KGp(H
1
) × · · · × KGp(Ht) contains a colorful, balanced, and complete p-partite
subhypergraph F with η vertices.
Remark. In the last section, we show that Theorem 1 is true if we set η = min
i∈[t]
(|V (H
i
)| − altp(H
i
)).
Therefore, we have the same statement as in Theorem 1 even if we set
η = max
{
min
i∈[t]
ecd
p
(H
i
), min
i∈[t]
|V (H
i
)| − alt
p
(H
i
)
}
.
Let c be the proper coloring with color set [C]. Let F be the colorful, balanced, and complete
p-partite subhypergraph whose existence in ensured by Theorem 1. Therefore, any color appears
in at most p− 1 vertices of F . Consequently, the previous theorem results in
χ(KGp(H
1
)× · · · ×KGp(Ht)) ≥
⌈
1
p− 1
min
i∈[t]
ecd
p
(H
i
)
⌉
,
which can be extended for an arbitrary r ≥ 2 as follows.
Theorem 2. Let H
1
, . . . ,Ht be hypergraphs and r ≥ 2 be a positive integer, where r ≥ 2. Then
χ(KGr(H
1
)× · · · ×KGr(Ht)) ≥
⌈
1
r − 1
min
i∈[t]
ecd
r
(H
i
)
⌉
.
Example. In what follows, by introducing some hypergraphs, we compare two lower bounds
presented in Theorems A and 2. Let n, k, r and a be positive integers, where n ≥ rk, n > a and
r ≥ 2. Define H(n, k, a) to be a hypergraph with the vertex set [n] and the edge set
{
B : B ⊆ [n], |B| = k, and B 6⊆ [a]
}
.
Let KGr(n, k, a) denote the hypergraph KGr(H(n, k, a)). It was proved in [1] that if either a ≤ 2k−1
or a ≥ rk − 1, then χ (KGr(n, k, a)) =
⌈
n−max{a,k−1}
r−1
⌉
. Indeed, for a ≥ rk − 1, it was proved that
χ (KGr(H(n, k, a))) =
⌈
n−max{a, k − 1}
r − 1
⌉
=
⌈
ecd
r
(H(n, k, a))
r − 1
⌉
.
One should notice that the chromatic number of KGr(H(n, k, a)) was left open for several val-
ues of a with 2k ≤ a ≤ rk − 2. Note that Theorem 2 implies the validity of Zhu’s conjec-
ture for the family of hypergraphs KGr(n, k, a) provided that a ≥ rk − 1. What is interesting
about the hypergraph KGr(H(n, k, a)) is the fact that for r ≥ 4 and a ≥ rk − 1, the value of
ecd
r
(H(n, k, a))− (n− alt
r
(H(n, k, a))) is unbounded. Thus, by the lower bound presented in The-
orem A, we cannot derive that the family of hypergraphs KGr(n, k, a) satisfies Zhu’s conjecture.
On the other hand, there is a family H of hypergraphs (see [1]) such that for H ∈ H , the value of
(n−alt
r
(H(n, k, a)))−ecd
r
(H(n, k, a)) is unbounded. Hence, Theorem A and Theorem 2 introduce
two somehow complementary lower bounds.
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2. Proofs
This section is devoted to the proofs of Theorem 1 and Theorem 2. In the first subsection, we
define some necessary tools which will be needed in the rest of the paper. Although we assume that
the reader has the basic knowledge in topological combinatorics, for more details, one can see [16].
2.1. Notations and Tools. A simplicial complex is a pair (V,K) where V is a finite nonempty
set and K is a family of nonempty subsets of V such that for each A ∈ K, if ∅ 6= B ⊆ A, then
B ∈ K. Respectively, the set V and the family K are called the vertex set and simplex set of the
simplicial complex (V,K). For simplicity of notation and since we can assume that V = ∪
A∈K
A,
with no ambiguity, we can point to a simplicial complex (V,K) just by its simplex set K.
Let V and W be two sets. We write V ⊎W for the set V ×{1} ∪W × {2}. Let K and L be two
simplicial complexes with the vertex sets V andW , respectively. We define K ∗L, the join of K and
L, to be a simplicial complex with the vertex set V ⊎W and the simplex set {A⊎B : A ∈ K,B ∈ L}.
Also, we write K∗n instead of the n-fold join of K.
Let p be a prime number. The simplicial complex σ
p−1
p−2
is a simplicial complex with the vertex
set Zp and with the simplex set consisting of all nonempty and proper subsets of Zp. Note that(
σ
p−1
p−2
)∗n
is a simplicial complex with the vertex set Zp × [n] and ∅ 6= τ ⊆ Zp × [n] is a simplex
of
(
σ
p−1
p−2
)∗n
if and only if |τ ∩ (Zp × {i})| ≤ p − 1 for each i ∈ [n]. It is clear that
(
σ
p−1
p−2
)∗n
is a free simplicial complex where for each ε ∈ Zp and (ε
′, i) ∈ Zp × [n], the action is defined by
ε ·(ε′, i) = (ε ·ε′, i). Let τ ∈
(
σ
p−1
p−2
)∗n
be a simplex. For each ε ∈ Zp, define τ
ε
= {(ε, j) : (ε, j) ∈ τ}.
Also, define
ℓ(τ) = p · h(τ) + |{ε ∈ Zp : |τ
ε
| > h(τ)}|,
where h(τ) = min
ε∈Zp
|τ
ε
|. Note that each X ∈ (Zp ∪ {0})
n \ {0} represents a simplicial complex in
Z∗np ⊆
(
σ
p−1
p−2
)∗n
and vice versa. Therefore, speaking about h(X) and ℓ(X) is meaningful. Indeed,
we have
h(X) = min
ε∈Zp
|Xε| and ℓ(X) = p · h(X) + |{ε : |Xε| > h(X)}|.
2.2. Proof of Theorem 1. For simplicity of notation, assume that H
1
= ([n
1
], E
1
), . . . ,Ht =
([nt ], Et) and moreover, set n =
t∑
i=1
n
i
. For each X ∈ (Zp ∪ {0})
n
\ {0}, let X(1) ∈ (Zp ∪ {0})
n
1 be
the first n
1
coordinates of X, X(2) ∈ (Zp ∪ {0})
n
2 be the next n
2
coordinates of X, and so on, up
to X(t) ∈ (Zp ∪ {0})
nt be the last nt coordinates of X. Also, for each j ∈ [t], define Aj(X) to be
the set of signs ε ∈ Zp such that X(j)
ε
contains at least one edge of H
j
. We remind that X(j)
ε
is
the set of all i ∈ [n
j
] such that x
i+
∑j−1
j′=1
nj′
= ε. Define
Σ
1
=
{
X ∈ (Zp ∪ {0})
n
\ {0} : A
j
(X) 6= Zp for at least one j ∈ [t]
}
and
Σ
2
=
{
X ∈ (Zp ∪ {0})
n
\ {0} : A
j
(X) = Zp for all j ∈ [t]
}
.
In what follows, we define two sign maps playing important roles in the proof.
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Definition of s
1
(−). Let X ∈ Σ
1
be a vector such that A
j
(X) ∈ {∅,Zp} for each j ∈ [t]. Define
B
j
(X) =


X(j) if A
j
(X) = Zp,
{ε : X(j)
ε
6= ∅} if A
j
(X) = ∅ and h(X(j)) = 0,
Z(j) if A
j
(X) = ∅ and h(X(j)) > 0,
where
Z(j)
ε
=


X(j)
ε
if |X(j)
ε
| = h(X(j)),
∅ otherwise.
Now, set B(X) =
(
B
1
(X), . . . , Bt(X)
)
and
L
1
=
{
B(X) : X ∈ Σ
1
and A
j
(X) ∈ {∅,Zp} for all j ∈ [t]
}
.
By the action ε ·B(X) = B(ε ·X), Zp clearly acts freely on L1 . Let s1 : L1 −→ Zp be an arbitrary
Zp-equivariant map. Note that such a map can be defined by choosing one representative in each
orbit and defining the value of the function arbitrary on this representative.
Definition of s
2
(−). Clearly Zp acts freely on
L
2
= 2Zp × · · · × 2Zp \ ({∅,Zp} × · · · × {∅,Zp})
by the action ε·(C
1
, . . . , Ct) = (ε·C1 , . . . , ε·Ct). Similar to the definition of s1(−), let s2 : L2 −→ Zp
be an arbitrary Zp-equivariant map.
2.2.1. Defining the map λ
1
. Set α = n−min
i∈[t]
ecd
p
(H
i
) + p− 1. For every j ∈ [t], define the map
ν
j
as follows:
ν
j
(X) =


|X(j)| if A
j
(X) = Zp
|A
j
(X)|+max
{
ℓ
(
X¯(j)
)
: X¯(j) ⊆ X(j) and E(H
j
[X¯(j)
ε
]) = ∅ for all ε ∈ Zp
}
if A
j
(X) 6= Zp.
Now, let ν(X) =
t∑
j=1
ν
j
(X).
Define the map
λ
1
: Σ
1
−→ Zp × {1, . . . , α}
X 7−→ (s(X), ν(X)),
For defining s(X), we consider the following different cases.
• If for each j ∈ [t], we have A
j
(X) ∈ {∅,Zp}, then s(X) = s1
(
B(X)
)
.
• If for some j ∈ [t], we have A
j
(X) 6∈ {∅,Zp}, then set s(X) to be s2
(
A
1
(X), . . . , At(X)
)
.
Lemma 1. The map λ
1
is a Zp-equivariant map with no X,Y ∈ Σ1 such that X ⊆ Y , ν(X) = ν(Y )
and s(X) 6= s(Y ).
Proof. Clearly, λ
1
is a Zp-equivariant map since two maps s1 and s2 are Zp-equivariant. For a
contradiction, suppose that X and Y are two vectors in Σ
1
such that X ⊆ Y , ν(X) = ν(Y ) and
s(X) 6= s(Y ). Note that each ν
j
is monotone, i.e., if X ⊆ Y , then ν
j
(X) ≤ ν
j
(Y ). Therefore, we
have X(j) ⊆ Y (j) and consequently, A
j
(X) ⊆ A
j
(Y ) and
{ℓ(X¯(j)) : X¯(j) ⊆ X(j) and E(H
j
[X¯(j)
ε
]) = ∅ ∀ε ∈ Zp} ⊆{
ℓ(Y¯ (j)) : Y¯ (j) ⊆ Y (j) and E(H
j
[Y¯ (j)
ε
]) = ∅ ∀ε ∈ Zp
}
.
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The equality v(X) = v(Y ) along with the above discussion implies ν
j
(X) = ν
j
(Y ) for each j and
consequently; A
j
(X) = A
j
(Y ). This observation leads us to the following cases.
I) A
j
(X) ∈ {∅,Zp} for each j.
Therefore, s(X) = s
1
(
B(X)
)
. Since A
j
(X) = A
j
(Y ) for each j, we have s(Y ) = s
1
(
B(Y )
)
.
Consequently, the fact that s(X) 6= s(Y ) implies that B(X) 6= B(Y ). Now, let j
0
be small-
est integer for which B
j
0
(X) 6= B
j
0
(Y ). We consider the following different cases.
1) When A
j
0
(X) = A
j
0
(Y ) = Zp. In view of the definition of Bj
0
(−), we have X(j
0
) (
Y (j
0
). Therefore, the definition of ν
j
0
implies that ν
j
0
(X) < ν
j
0
(Y ), which is not
possible.
2) When A
j
0
(X) = A
j
0
(Y ) = ∅. Using ν
j
0
(X) = ν
j
0
(Y ), we have ℓ(X(j
0
)) = ℓ(Y (j
0
)).
Therefore,
p · h(X(j
0
)) + |{ε : |X(j
0
)
ε
| > h(X(j
0
))}| = p · h(Y (j
0
)) + |{ε : |Y (j
0
)
ε
| > h(Y (j
0
))}|,
which clearly implies that h(X(j
0
)) = h(Y (j
0
)) and
|{ε : |X(j
0
)
ε
| > h(X(j
0
))}| = |{ε : |Y (j
0
)
ε
| > h(Y (j
0
))}|.
The fact that X(j
0
) ⊆ Y (j
0
) results in
{ε : |X(j
0
)
ε
| > h(X(j
0
))} = {ε : |Y (j
0
)
ε
| > h(Y (j
0
))}.
Therefore, in view of the definition of B(−), we have B
j
0
(X) = B
j
0
(Y ) which is a
contradiction.
II) ∅ ( A
j
(X) ( Zp for some j ∈ [t]. Since s(X) 6= s(Y ), we have
s
2
(
A
1
(X), . . . , At(X)
)
6= s
2
(
A
1
(Y ), . . . , At(Y )
)
.
Consequently, we must have (A
1
(X), . . . , At(X)
)
6= (A
1
(Y ), . . . , At(Y )
)
. Therefore, there is
at least one j for which Aj(X) 6= Aj(Y ) which is not possible.

2.3. Defining the map λ
2
. Let c be a proper coloring of KGr(H
1
) × · · · × KGr(Ht) with color
set [C]. For each X ∈ Σ
2
and each ε ∈ Zp, define
E
ε
(X) =
{
(e
1
, . . . , et) ∈ E1 × · · · ×Et : ej ⊆ X(j)
ε
for each ε ∈ Zp
}
.
Note that, in view of the definition of Σ
2
, for each ε ∈ Zp, we have E
ε
(X) 6= ∅. Now, set
τ(X) ∈ (σ
p−1
p−2
)∗C to be a simplex defined as follows:
τ(X) =
{
(ε, c(u)) : u = (e
1
, . . . , et) ∈ E
ε
(X)
}
.
Since c is a proper coloring and E
ε
(X) 6= ∅ for each ε ∈ Zp, one can check that τ(X) is a simplex
in (σ
p−1
p−2
)∗C with h(τ(X)) > 0, and consequently, ℓ(τ(X)) ≥ p.
For a positive integer b ∈ [C], let U
b
be the set consisting of all simplices τ ∈
(
σ
p−1
p−2
)∗C
such
that |τ
ε
| ∈ {0, b} for each ε ∈ Zp. Define U =
C⋃
b=1
U
b
. Choose an arbitrary Zp-equivariant map
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s
3
: U → Zp. Also, for each τ ∈
(
σ
p−1
p−2
)∗C
with h = h(τ) = min |τ
ε
|, define
τ =
⋃
ε:|τ
ε
|=h
τ
ε
.
Note that τ is a sub-simplex of τ which is in U . Therefore, s
3
(τ ) is defined.
Define the map
λ
2
: Σ
2
−→ Zp ×
{
α+ 1, . . . , α− p+ 1 + max
X∈Σ
2
ℓ(τ(X))
}
X 7−→ (s
3
(τ(X)), α− p+ 1 + ℓ(τ(X))).
Lemma 2. The map λ
2
is a Zp-equivariant map with no X,Y ∈ Σ2 such that X ⊆ Y , λ2(X) = (ε, i)
and λ
2
(Y ) = (ε′, i), where ε 6= ε′.
Proof. Obviously, λ
2
is a Zp-equivariant map. Suppose for a contradiction that X and Y are two
vectors in Σ
2
such that X ⊆ Y , λ
2
(X) = (ε, i) and λ
2
(Y ) = (ε′, i), where ε 6= ε′. In view of
the definition of λ2, we have ℓ(τ(X)) = ℓ(τ(Y )) = i − α + p − 1. Using the definition of ℓ(−), we
must have h(τ(X)) = h(τ(Y )). Since τ(X) ⊆ τ(Y ), it implies that τ(X) = τ(Y ) which yields the
equality ε = s
3
(τ(X)) = s
3
(τ(Y )) = ε′, a contradiction. 
Lemma 3. If there is an X ∈ Σ
2
with ℓ(τ(X)) ≥ q, then KG
p
(H
1
) × · · · × KG
p
(Ht) contains a
colorful, balanced, and complete p-partite subhypergraph with q vertices.
Proof. Let X ∈ Σ
2
be a vector for which we have ℓ(τ(X)) ≥ q. Let τ ⊆ τ(X) be a sub-simplex
such that ℓ(τ) = |τ | = q. For each i ∈ [p], set S
i
= {j ∈ [C] : (ωi, j) ∈ τ}. First note that
⌊ q
p
⌋ ≤ |S
i
| ≤ ⌈ q
p
⌉ for each i ∈ [p]. Moreover, it is clear that
p∑
i=1
|S
i
| = q. For each i ∈ [p]
and s ∈ S
i
, in view of the definitions of τ(X) and S
i
, there is a vertex v
i,s
= (e
s
i,1
, . . . , e
s
i,t
) of
KGp(H
1
) × · · · × KGp(Ht) such that c(vi,s) = s and e
s
i,j
⊆ X(j)ω
i
for each j ∈ [t]. Now, for
i ∈ [p], set V
i
= {v
i,s
: s ∈ S
i
}. Clearly, KGp(H
1
)× · · · ×KGp(Ht)[V1 , . . . , Vp ] contains the desired
subhypergraph. 
For completing the proof of Theorem 1, we need to use a generalization of the Borsuk-Ulam
theorem by Dold, see [7, 16]. Indeed, Dold’s theorem implies that if there is a simplicial Zp-map
from a simplicial Zp-complex K1 to a free simplicial Zp-complex K2 , then the dimension of K2
should be strictly larger than the connectivity of K
1
.
Completing the proof of Theorem 1. For simplicity of notation, let
m = α− p+ 1 + max
X∈Σ
2
ℓ(τ(X)).
In view of Lemma 3, it suffices to show that
max
X∈Σ
2
ℓ(τ(X)) ≥ min
i∈[t]
ecd
p
(H
i
).
To this end, define λ : (Zp ∪ {0})
n
\ {0} −→ Zp × [m] such that for each X ∈ (Zp ∪ {0})
n
\ {0}, if
X ∈ Σ
1
, then λ(X) = λ
1
(X), otherwise λ(X) = λ
2
(X). In view of Lemma 1 and Lemma 2, λ(−) is
a Zp-equivariant simplicial map from sd(Z
∗n
p ) to Z
∗m
p . Consequently, according to Dold’s theorem,
the dimension of Z∗mp should be strictly larger than the connectivity of sd(Z
∗n
p ), that is m ≥ n as
desired. 
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2.4. Proof of Theorem 2. To prove Theorem 2, we introduce a reduction reducing this theorem
to the prime case of r which is known to be true by the discussion right after Theorem 1. One
should notice that this reduction is a refinement of the well-known reduction originally due to
Krˇ´ızˇ [13, 14], which has been used in some other papers as well, for instance see [3, 11, 22, 23]. In
what follows, we use a similar approach as in [11].
Lemma 4. Let r′ and r′′ be two positive integers. If Theorem 2 holds for both r′ and r′′, then it
holds also for r = r′r′′.
For two positive integers s and C and a hypergraphH, define a new hypergraph TH,C,s as follows:
V (TH,C,s) = V (H)
E(TH,C,s) =
{
A ⊆ V (H) : ecds(H[A]) > (s− 1)C
}
.
The following lemma can be proved with a similar approach as in [11, Lemma 3].
Lemma 5. Let r and s be two positive integers. Then
ecd
rs
(H) ≤ r(s− 1)C + ecd
r
(TH,C,s)
Proof of Lemma 4. Using the previous lemma instead of Lemma 3 in the proof of Lemma 1 in [11]
leads us to the proof. 
3. Concluding Remarks
Although there are hypergraphs H for which ecd
r
(H)− (|V (H)|−alt
r
(H)) is arbitrary large, one
can construct hypergraphsHmaking (|V (H)|−alt
r
(H))−ecd
r
(H) arbitrary large, see [1]. Therefore,
it might be interesting to have a statement similar to Theorem 1 using |V (H
i
)| − alt
p
(H
i
) instead
of ecd
p
(Hi). Note that such a statement generalizes Theorem A as well. To prove this statement,
we need to slightly modify the proof of Theorem 1 as follows.
• Throughout Section 2.2 , we replace min
i∈[t]
ecd
p
(H
i
) by min
i∈[t]
(
|V (H
i
)| − alt
p
(H
i
)
)
.
• In the definition of λ1(X), we use alt(−) instead of function ℓ(−) to define νj (X)’s.
• For any X with A
j
(X) ∈ {∅,Zp} for each j ∈ [t], in the definition of λ1(X), we set s(X)
to be the first nonzero entry of X.
With the same approach as in Section 2.2, it is straightforward to check that Lemmas 1, 2 and 3
are still valid with the preceding modifications. Therefore, again applying Dold’s theorem leads us
to the following statement.
Theorem 3. Let H
1
, . . . ,Ht be hypergraphs and η = min
i∈[t]
(
|V (H
i
)| − alt
p
(H
i
)
)
where p is a prime
number. Any proper coloring of KGp(H
1
)×· · ·×KGp(Ht) contains a colorful, balanced, and complete
p-partite subhypergraph F with η vertices.
Also, the question of whether Theorem 1 and Theorem 3 hold for an arbitrary positive integer r
instead of a prime number p is interesting.
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